Since companies are exposed to rigid competition, they are seeking how best to improve the capabilities of innovations. One strategy is to capitalize on other companies' knowledge in order to speed up their own innovations. However, acquiring other companies' knowledge is not easy since they have different cultures and tacit knowledge. To tackle this problem, we need to consider interaction between companies and inventors because the actual providers of innovations are inventors and there is definitely a synergy between inventors and companies.
Introduction
Companies increasingly need the capacity of innovations because of growing competition [1, 2] , and they consider the core of that capacity is knowledge [3, 4, 5] . They can follow various strategies to acquire knowledge, but, in particular, the author discusses collaboration between companies, which has recently become more important [6] .
Companies increasingly capitalize on other companies' knowledge [7, 8] to speed up innovations [3] . Commensurate with this, co-patents between companies are increasing [9] . However, it is not easy to acquire knowledge from other companies since they have different corporate cultures and unique tacit knowledge [10] . Therefore, when companies should collaborate with other companies and which companies they should collaborate with remain unresolved.
To tackle this problem, we need to consider interaction between companies and inventors because the actual providers of innovations are inventors, and there is definitely a synergy between them. For example, it has been demonstrated that if a city is attractive, more innovative people arrive, and that makes the city more attractive to innovative people who are not locals [11] . This is natural because most new ideas are derived from the integration or recombination of existing knowledge originating from different inventors [12] .
Collaboration networks have been extensively studied, especially from the viewpoint of analyses and models to replicate them [13, 14, 15, 16] . Yet none of the previous studies discussed the twolayered networks as is discussed in this paper. If the author especially regards the networks in this study as not only being collaborative but also creative as well, an important series of research should be reviewed that demonstrates that when inventors or authors of papers collaborate, they 2. Data 2.1. Patents Patents are useful for knowing the occurence of innovations over time [29] . Therefore, using a massive data set enables us to understand the tendency of innovations. US and JP patent data were used as datasets [4, 30] .
These datasets have a similar strucure. Each patent has the ID of the right holders and the inventors who applied for the patent. We added two pieces of information to the datasets. The first one was to distinguish companies. We added this information to the JP dataset on the basis of the corporate statuses in organizations' names. The National Bureau of Economic Research (NBER) had already added the information to the US dataset. The second one was to identify the connections between companies and inventors. Therefore, we created these connection data according to the process in what follows. We first collected US patents applied for by a single company. Next, if an inventor could be found in more than one of the patents applied for by a certain company, we connected the inventor to the company. Since most Japanese inventors' addresses contained the names of companies, we could use this connection.
As previously mentioned, it is becoming more common for teams of inventors to apply for a patents, and also, the quality of the patents are better than those authored by solo inventors [17] . However, it is less common for more than one company to jointly appliy for a patent. This is because a company cannot sell or license a jointly applied patent without the consent of others. The percentage of patents jointly applied for by multiple companies to all patents is 1.5% in the United States [6] 1 , 3.6% in Europe [31] , and 7.8% in Japan. The difference is based on the laws and customs of the individual countries. For example, joint applications between companies in the U.S. are considered to be the second best [6] . On the basis of a survey, the actual percentages was estimated to be around 20% [32] . Therefore, we can assume that even though the percentages based on patents are small, there are more actual collaborations between companies than those indicated by the percentages. Table 1 summarizes the fundamental data from the two datasets. The percentages of companies' patents are apparently different; 24.7% in the US and 86.2% in Japan. Patents are strongly based on the laws of countries, and the innovation strategies of governments underlie these laws. Therefore, it is no surprise if they have differences. If inventors belong to companies in Japan, the rights of the patents basically belong to the companies. In comparison, about 80% of patents in the U.S. are invented at companies [4] . Since there are large differences in the actual percentage (24.7%) and the empirical percentage (about 80%), we know that the U.S. has customs that are different to those in Japan. Figure 1 explains how we created two-layered networks from each dataset. The left of Figure 1 shows an example for three patents, five inventors, and three companies. One or more inventors apply for a patent. Also, each inventor works for a company. On the basis of the tripartite network on the left, we can create two different projected networks for the inventors and the companies. The inventor network is a network where every combination of inventors has a link if they have at least one patent in common. The company network is defined the same way, although Figure 1 does not directly describe that. The definition is identical and described as: if inventors who apply for a patent belong to different companies, the companies have a link. Figure 2 plots the cumulative probability distribution of degree. The figure at left shows the inventor network. The degree is a measure to count the number of links a certain node has. The figure indicates that the US and Japanese inventor networks are almost identical in degree distributions. Apparently, the distributions decay faster than a power law. Collaboration networks in previous studies, revealed the same distributions as those in this paper [13, 33] or power laws [34] .
The right of Figure 2 plots the cumulative probability distribution of degree for company networks. Clearly, we can fit lines to distributions; therefore, they are power-law distributions. A previous study revealed that the collaboration networks of organizations on patents have power-law distributions [35] .
Value and impact
So far, we have discussed inventors' and companies' networks but not why these two networks should be simultaneously investigated. Here, we introduce the value of patents to show the importance of investigating two-layered networks. If we can see a significant deviation in the value in some specific structures of layered networks, it indicates their importance.
The value of patents is a largely diverse. Forty percent of patents are claimed to be useless [32] or, more emphatically, most patents are useless [36] . However, a patent that contains a blue diode or an iPS cell invention has, for example, greatly benefitted the person and the company who invented it.
There are several ways of measuring the value of patents, One of them is renewal [37] . The patent holder has to pay a renewal fee to retain the rights to a patent. If a patent is retained for a long time, this can be regarded as evidence of its value. Another measurement is the number of claims [38] . The number of claims in patents can be a proxy for how broad or complicated patents are. The last measurement involves citations. If a patent is frequently cited, the number of citations can be regarded as its value. Citations have been most commonly used and accurately verify how a citations can be good indicators of value [39] . We used citations because not only are they the most plausible, but they help us to compare the broad, previous studies [39, 40, 17] that have used citations.
Figure 1
Process for creating two-layered networks from observed data: The figure shows how to create two different networks from patent data. When a patent is applied for by two or more inventors, they are connected. For example, patent 1 has two inventors, 1 and 2. These inventors are connected in the inventor network. Each inventor belongs to a company. Therefore, a patent can be applied for by two or more companies. A company network is created in the same way as that for inventors.
Figure 2
Cumulative probability distribution for degree of inventors and companies: The figure at left is that for inventors. The figure at right is that for companies. Degree is one of the most important measures to indicate network structures.
Each patent in the datasets has a number of citations. Citations can be only discussed when used comparatively [4] . We also have to consider the skewness in distributions because old patents have a greater chance of being cited. Therefore, we normalized the number of citations by using the average citations for patents in the same year. In line with previous studies, we defined the impact of patents as the number of normalized citations. Figures 3 and 4 show the average impacts of solo and team-authored patents by inventors and companies. Each bar has an error bar that represents standard error. The figures at left and right are for US and Japanese results and the upper and lower figures are for inventors and companies. Figure 3 obviously shows that the team-authored patents have more impact. The same phenomenon was already discovered in a previous study [17] . As is the case for inventors, teams at companies ( Figure 4 ) have a greater impact on Japanese patents. However, we have to consider these facts carefully. The same measures in the US idicate 1.17 for solo companies and 1.23 for teams at companies (the left of Figure 4) ). The results still have a gap but it is apparently small. Therefore, we conducted a Wilcox test on them. The alternative hypothesis is that the impact of teams is greater than the that of solo authors. The p value is 0.0085. We can say that the impact of team is significantly is greater than that of solo authors in the US. A previous study predicted a similar phenomenon in which inter-institutional papers had a greater impact than do intra-institution papers [41] .
A part of the results have already been found [42] and the inventors and companies were not connected in the previous paper. Hence, the results were discussed separatedly. Since the data structure is different, the analyses in this paper needed to be verified. In the rest of this section, the author will discuss repetition in collaboration. Our previous paper discussed the same aspects, but the data should also be analyzed because of differences in the data. So far, we have simply discussed the average impact of links. However, these links have various characteristics, i.e., the geodesic distance between inventors, the attributes of connected nodes, and the age of links. For example, the impact of inventors increases if there is a long geodesic distance or a different nationality [43] .
Here, we consider the age of links. Figures 5 and 6 present transitions in impacts between inventors and companies for the US and Japan. The vertical axis shows the average impact. The horizontal axis shows the number of repetitions by the same inventors ( Figure 5 ) or the same organizations ( Figure 6 ) If inventors A and B apply for a patent for the first time, there is one repetition. If another patent is applied for by the same inventors (or a group including the same inventors), there are two repetitions. All combinations and repetitions between inventors are counted and averaged. In addition to this, the horizontal axis has logarithmic bins. We used logarithmic bins because the number of samples decreased as the number of repetitions increased. The base of a logarithm is 4. The "2-4" means the average of all patents that have from two to four repetitions. Apparently, the impacts decrease as the repetitions continue in both figures. No samples fit the "257-1024". category in the US.
Figures 6 presents the transitions in impacts for companies in the US and Japan. The Japanese figure also declines globally as repetitions continue, and there is a peak at "5-16" repetitions. This means that experience is working more positively at companies than that with inventors. The distribution in the US does not simply decline either, and looks flat. There are no data for "257-1024" repetitions.
There is a difference between US and Japan. Inter-company joint applications are generally the second best results for collaborations at companies [6] . Therefore, we can understand the flat impact that inter-company histories in the US have. However, that in Japan is totally different from that in the United States. Keiretsu (the relationship between Japanese parent and dependent companies) can affect the phenomenon. However, keiretsu cannot explain why the inter-company patents have a greater impact than that of solo companies. The phenomenon not only indicates individuals but also organizations demonstrate collective behavior in developing inventions. Law systems, corporate cultures, or others can cause the phenomenon, but this requires more investigation.
We also fint that inter-inventor relationships and inter-company relationships do not exhibit the same transitions by comparing the historical imapct of inventors and companies. As we mentioned earlier, inventors' relationships just decline. In contrast, companies' relationships do not exhibit simple behavior. If we consider that all inter-company activities results from inter-inventor activities, this difference means different inventors share and take over inter-company relationships.
Here, the importance of layered networks is discussed. The impact of patents varies the situation with both inventors' and companies' links because inter-company patents are better than those Inter
of solo-companies and the impact declines as repetitions increase between inventors. It is also important that most patents be applied for by two or more inventors. Table 2 was prepared to look into and support the discussion. This is a cross table between inventors' and companies' repetitions for Japan. The table contains the repetition of "1" and "2-10" for each network. The range is just an example to explain the importance of layered networks. All patents in the table are inter-company ones. For instance, if a patent is the first patent between two inventors and two companies, this is categorized in the upper-left cell. If a patent is the first patent for inventors, but some other inventors in companies have already applied for one or more (up to nine) patents, the patent is counted in the lower-left cell of the table. The meaning of the lower right cell is now clear. There are no patents in the upper-right cell from the definition. All combinations of these impacts are significantly different depending on the population and non-parametric tests. The table directly illustrates the importance of layered networks. From the viewpoint of intercompany links, the average impact of "2-10" repetitions significantly varies according to repetitions by inventors. In the same way, the average impact from the viewpoint of inter-inventor links of "1" repetition again, significantly varies according to the repetitions by the companies. Therefore, the impact of patents is affected by both inventors' and companies' histories. If we knew of a model that could predict the probability where individual combinations of inventors or companies would be connected and could correctly replicate the observed networks, that would greatly help us to think bout invention strategies at companies, especially how to promote inter-inventor or inter-company inventions.
From the discussion in this section, the importance of considering the layered networks for inventors and companies and of creating a model of replication is now clear. The author will discuss a replication model in the next section. 
Model
On the basis of the observations so far, the author proposes a model to replicate observed networks. The author especially aims to replicate the degree distributions of networks. This is because the degree distributions directly indicate the topology that is exactly in line with the objectives mentioned in the introduction of this paper. As mentioned ealier, although US and Japanese patents probably have similar structures, jointapplications between US companies are not frequent, and therefore, insufficient data has been accumulated to discuss the structure and its model. Hence, only Japanese patent data are used in the rest of this paper.
This paper focuses on two-layered networks that involve people and companies. So far, there have been a lot of generative models for networks [44] . To replicate the networks in this paper, a generative model has to: (1) explicitly assign a group (an organization, a community, or a company) to each node (people) of a replicated network, and (2) replicate not only a node but also a group.
Grönlund et al. proposed a modified seceder model to illustrate real social networks [25] . Jin et al.'s model was based on the dynamics that actual people meet [22] . Boguñá introduced the concept of social distance and found models that could reproduce real social networks [24] . Those models replicated the formation of groups in observed networks. Since these studies discussed models and formations of groups, they seem quite similar to the proposed model. However, their formations of groups were measured after networks were replicated by detecting methods for groups [45, 46, 47] . As previously mentioned, the proposed model has to explicitly provide a group to each node (the previous item (1)). Therefore, these studies are different from this study.
There are some models that provide groups to nodes beforehand when they reproduce networks. Motter et al. considered the correlation of friendships, the positions in groups, and the correlation of positions in groups [23] . Kimura et al. demonstrated that their model improved the prediction of real networks by incorporating directional attachments and community structures [26] . These models also seem quite similar to the proposed model, yet there are some differences. That is because their organizational structure was fixed and did not grow (the previous item (2)).
Goldstein et al. proposed a group-based Yule model [27] . Their model satisfied both items, (1) and (2) . However, replicating networks with their model was attempted, it was not successful because the model could not replicate the observed data well in either inventors' or companys' networks. The tail of the inventors' distribution specifically had a linear shape in the model. Also, the head of the companies' distribution was curvilinear and it was not similar to the observed distribution.
Li and Chen also analyzed their theoretical model that had both items. They showed that the degree distribution of the model was a power law in both nodes and groups [28] . As explained in the previous section, the degree distribution of the nodes was not a power law. Therefore, their model could not be applied either.
These papers were a survey of relevant studies. Since there are no models that can reproduce the network data in this study, we need a new model.
Guimera et al.'s model
The proposed model is based on Guimera et al.'s model [33] , which aims to replicate the selfassembly of creative teams and has three parameters of team size (m), the fraction of newcomers in new productions (p), and the tendency of incumbents to repeat previous collaborations (q).
The model has an endless pool of newcomers. Newcomers become incumbents after being selected. The model adds members to a team according to m. Probability p indicates a member drawn from the pool of incumbents. If a member has already been chosen from the pool of incumbents and there is already another incumbent that is already connected but has not been chosen, a new member is chosen with probability q from the incumbents. Otherwise, a member is chosen from all the incumbents. Figure 7 outlines the process of how the model progresses. The process is repeated m times for each team.
Figure 7
Process in Guimera et al.'s model: The process is executed by a number of members in a team. An incumbent is randomly chosen with probability p. If p is not true, a newcomer is created. After p is true, q is tested. With probability q, an incumbent is a past collaborator of team members. However, if q is not true, an incumbent is randomly chosen from all incumbents. [33] Figure 8
Distribution of inventors' and companies' team sizes: The companies' team size distribution is fitted with a power law distribution.
Figure 9
Comparison of inventors' and companies degree distribution: The figures at left plots the inventors' degree distribution. The figure at right plots the companies' degree distribution. The two different plots are observed and generated by the proposed model.
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There are three ways of creating the sequence for m: (a) keep m constant, (b) draw m from a distribution that is expressed by parameters, and (c) draw m from the observed distribution. The m is drawn from a observed distribution in this paper. The team size for the inventors for each patent can be defined by assuming again that one or more than inventors have applied for a patent. The team size for companies can also be defined in the same way. Figure 8 plots the probability distribution for the team size of inventors and companies.
The author simply applied Guimera et al.'s model to replicate twofold networks to compare it with the proposed model. Therefore, three parameters were set of γ = 0.8, p = 0.73, and q = 0.69. There were 1,307,429 patents (P ). All these numbers were acquired from the observed networks. Each inventor was randomly assigned to a company from the number of observed networks when the inventor, i.e., a newcomer was created.
Even though Guimera et al.'s model could replicate the inventors' network well, the model probably could not replicate the companies' network. This is because the model did not have an apparent architecture to replicate the companies' degree distribution. Figure 9 plots the inventors' and companies' degree distributions in Guimera's model and the observed network. We can see the model replicates the observed network well in terms of the inventors' degree distribution. However, the model's distribution looks like a normal distribution with some deviation on the right Figure 9 . If we consider the process where all inventors are randomly connected to companies, this may be a natural result. The strange form in the generated distribution can be explained as follows: (1) All inventors are randomly connected to a company. This leads to the large bell curve in the distribution. (2) When p is true and q is false in the model, inter-company connections are created toward the companies that have large numbers of inventors. This seems to be the cause of the small deviation on the right of the bell curve.
The model
As we saw a simple application of Guimera et al'.s model was not sufficient, the author created a new model on the basis of the same model. Figure 10 X has a parameter, r. r k , where k is the number of companies that already exist in the patent, is the probability of choosing a company from the pool of all existing companies and is assigned to the newcomer or the incumbent. If r k is not true, the same company that one of the members already belongs to is chosen for the newcomer or the incumbent. Y has a parameter, s. s is the probability of creating a new company and assigning it to the newcomer. If s is not true, a company is randomly chosen from the pool of all existing companies and assigned to the newcomer. These new parameters, r and s can be acquired from the observed data as well.
Simulation result and discussion
Aditional settings were r = 0.06 and s = 0.085. The other settings were the same as those in Guimera et al.'s model. Figure 11 plots the results, which follow the inventors' degree distribution well. In addition, the companies' degree distribution is improved.
The author investigated two other models. These were Guimera's model with a preferential attachment and Goldstein's model. The explanations and the simulation results for them are described in the Appendix. These models could also replicate two-layered networks well. The first one was devised by the author and the second one was devised by Goldstein et al. There are no other common models to replicate two-layered networks.
The main reason the author investigated the other two models was to find the realistic characteristics that the proposed model had and that the others did not have. First, as all the parameters were acquired from the observed data, no tuning was required. Hence, we can immediately build the model if we obtain the observed data. The other models, in contrast, require parameters to be tunied. Second, all decision making is local. The other models, on the other hand, have preferential attachment processes. This requires global information, i.e., all degree information has to be known. This is not realistic if we consider the actual activities of inventors or the companies. Apparently, companies choose their partners based on the limited information they own.
Since the proposed model just replicates the degree distributions, it is a beneficial to consider that the proposed model has demonstrated one plausible procedure for the growth of two-layered networks. Even so, the proposed model gives us important insights into the inter-organizational activities of innovation. Inventors and companies in actual situations choose their collaborative partners based on specific reasons, such as their specialties or enterprise strategies. However, the proposed model tells us how a current network can predict future networks. We can deduce the following: (1) Inventors with many connections to other inventors have a great possiblity ob obtainig other connections in the future. (2) Companies that have highly connected inventors have a great The dynamics the author discussed above can only be discussed by using growth models, especially two-layered models.
Summary
The author attempted to clarify the dynamics between inventors and companies from the viewpoint of a network of collaborations and used US and Japanese patent data, extracted collaborations between inventors and companies, and created two different networks based on a tripartite graph of patents, companies, and inventors.
First, the author discussed the links' impacts, which were calculated as normalized citations. The average impacts of team-authored patents were better than those of solo-authored patents for both inventors and companies. Therefore, the impacts of patents were affected by both conditions. The links also demonstrated characteristics when we established the relationship between repetitions in collaborations and impacts. The impacts of inventors' collaborations declined as the repetitions continued. Japanese companies that demonstrated past experience were positively affected from the beginning. Moreover, the cross table of repetitions between inventors and companies directly illustrated the importance of layered networks. The impact of patents were strongly affected by both inventors' and companies' repetitions in collaborations. Consequently, it was found considering layered networks is important.
Next, the author created a model to replicate a two-layered network to understand the evolution of the network. The model was based on Guimera et al's model. It could replicate the observed network well in terms of degree distributions. Compared to two other models, the proposed model had two practical parts. First, all parameters were based on observed data. Second, all decision making was local.
The proposed model provided us insights into the inter-organizational activities of innovation. 
where α and β are parameters. Here α is 0.92 and β is −3.75. If the calculated m c is larger than 42, which is the maximum number of observed networks, m c is recalculated as a constraint in the process. Company nodes and links are added by using the following process, and they are mutually connected as is the case with a complete graph. To choose each company, a probability (p c ) is used. If p c is true, an existing company is chosen. Also, the probability of choosing an existing company is proportional to the degree; i.e.,
If 1 − p c , a new company is created. Inventor network part: Each company has one or more inventors. The number of inventors for each company is randomly determined. The number of inventors (m i ) is determined on the basis of the power law with an exponential cutoff as we esplained in Sub-section 3.1. Here the equation is p m i ≈ m γ i e δm i . If the calculated m i is larger than 17, which is the maximum number of observed networks, m i is recalculated as a constraint. Also, if the number is smaller than the number of companies, m i is also recalculated. We introduced Guimera et al.'s model [33] to this part. To choose each inventor so that each company has one or more inventors, we use probability p i . If 1 − p i , a new inventor is introduced. If p i is true, an incumbent is chosen. There are two types of incumbents: past collaborators and new collaborators. To choose one of them, another probability (q i ) is tried. If q i is true, a past collaborator is chosen and vice versa.
A.2. Results from simulations
First, the parameters were set to P = 1, 307, 429, p c = 0.98, p i = 0.73, q i = 0.69, α = 0.92, β = −3.75, γ = 0.62, and δ = 1.15. All these parameters were acquired from the observed network. Comparison of inventors' and companies degree distributions: The figure at left plots inventors' degree distributions. The figure ato right plots companies' degree distributions. Two different plots are observed and generated by Guimera et al.'s model with a preferential attachment. Figure 12 compares the degree probability distributions of networks. The figure at left plots the results of replication and the observed network for inventors. The model replicated the observed data well. Although it is known that Guimera et al.'s model [33] can replicate this type of distribution 2 , this has to be verified Figure 13 Goldstein et al.'s group based Yule model [27] : The process is repeated for every paper. With probability α, a new group is created. The group has N (λ) members. In other cases, an existing group is chosen. With probability β, an author is chosen from other groups. In other cases, an author is chosen from the chosen group. An author will also be chosen in proportion to the times the author has been chosen.
Figure 14
Comparison of inventors' and companies degree distributions: The figures at left plots inventors' degree distributions. The figure at right plots companies' degree distributions. Two different plots are observed and generated by Goldstein's model.
